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Wave Propagation in Elastic Solids With 

 Negative Mass Density or Modulus 

•Dispersion equation: 


 i
E

q 

•Wave attenuates: tixtqxi eAeAeu    )(

Wave cannot propagate without attenuation in elastic 

solids with negative mass density or modulus 

What would happen if mass or modulus becomes negative? 

 Is attenuation factor 
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Metamaterials with Local Resonators 

Composite with Resonators 1D Lattice Model 
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Metamaterials with Negative Effective Mass 

Negative effective mass 

Wave attenuation 
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Acoustic Metamaterial with Negative Effective 
Young’s Modulus 

 
A Mechanical Unit Model and Its Representative 

Elastic Solid 



Composite Materials Laboratory  

School of Aeronautics and Astronautics   

Frequency-dependent Modulus (stress-strain curves) 

 effE

(1) Static 

Modulus 

(3) Extreme 

Modulus: 

Very soft 

(1) Static 

Modulus 

(5) Extreme 
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Very stiff 
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(4) Negative 
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• Wave amplitude decays when its frequency falls inside the band gap, 

especially if frequency is near the frequency  


Wave Attenuation in Metamaterial with 

Negative Effective Modulus 
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Metamaterial with Double Negativity (DN) 

Metamaterial with negative mass density (NMD) 

Metamaterial with negative modulus (NEM) 

Negative effective 

mass (Band Gap, 

red area) 

 

Negative effective 

modulus (Band  

Gap, red area) 

Double Negativity 

(green area) 

Metamaterial with Double Negativity (DN) 
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Wave Propagation in Metamaterial with  

Double Negativity 

56.1/ 0 NMD
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Double Positive Metamaterial 
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Double Negative Metamaterial 
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Derivation for Reflection and 
Transmission Coefficients 
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Material 2 
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Material 1 

Material 1 

(Ordinary Material) 

Material 2 
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Negative Mass Region 

Dispersion Curve for Metamaterial 
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Material Design 
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Frequency for double negativity 



Composite Materials Laboratory  

School of Aeronautics and Astronautics   

 
Case 1: Simulation Result in DN Region 
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Case 2: Simulation Result in Negative 
Mass Region 
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Refraction of Metamaterials 
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Boundary Condition: Plane wave 

Metamaterial Normal 

medium 
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Simulation Window (15x20 units) 
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Simulation: Plane wave (DN region: 1) 
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Simulation: Plane wave (DN region: 2) 
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Simulation: Plane wave (DN region: 3) 
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Simulation: Plane wave (DN region: 4) 
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Simulation: Plane wave (DP region: 1) 

Interface 

Normal to 

interface 
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Simulation: Plane wave (DP region: 2) 
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Normal to 

interface 
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Simulation: Plane wave (DP region: 4) 
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Normal to 
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Plane Wave Comparison: DN vs. DP 

Interface Interface 

Double Negativity Double Positivity 
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